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Electrically small matched antennas with
time-periodic and space-uniform modulation
Alessio D’Alessandro (*)
Abstract—A conceptual method to match the impedance of an
electrically small antenna is discussed, based on a λ/4 section of a
transmission line with shunt capacitance periodically modulated
in time but uniform in space. A secondary antenna, excited
by an incident ancillary UHF plane wave, is used to achieve
space-uniform modulation of a distributed varcapacitor array
across the transmission line. In this way, the system can support
travelling waves with very small frequency but retains small
(microwave) wavelength and consequently practical size.
Index Terms—Small antenna, electrically small, impedance
matching, metasurface, time modulation, VLF
I. INTRODUCTION
Getting radiation from an electrically small antenna, an
antenna much shorter than the radiation wavelength, has been
a longstanding problem in radio engineering since early times.
At low frequencies the radiation resistance of a small dipole
scales as the square of the ratio of the antenna and radiation
characteristic lengths, which can be extremely small. More-
over, besides the dramatic reduction of the radiation resistance,
the impedance of an electrically small dipole antenna has a
huge capacitive component and poses well-known matching
problems with the source.
Compensation of the huge capacitive component with pas-
sive linear time-invariant (LTI) elements (i.e. a large induc-
tance) can occur just in a very narrow frequency bandwidth
dictated by the Bode-Fano limit, and it is impractical for
electrically small antennas; furthermore, the resistive losses
of the (non-ideal) inductive compensator can be much larger
than the antenna radiation resistance. That is why alternative
impedance matching methods, via either active or time-variant
elements, have been deeply investigated in literature.
Non-Foster active networks [1] with a negative effective
capacitance, for instance, have been used to provide an ex-
act cancellation of the large reactance of electrically small
antennas over a wide frequency band, with the drawback of
potential instability [2], [3]. An equivalent representation of
the antenna matching circuit with non-Foster networks is also
applicable in case the radiating element is enclosed in a shell
of negative refraction index metamaterial [4]–[6].
Nonlinear, time variant networks are another possible way
to match the impedance of electrically small antennas without
the bandwidth limitation of Bode-Fano for LTI systems. To
this cathegory belong also the methods [7], [8] based on the
periodic switching of the impedance of the matching elements
to prevent reflection of a pulse train to the source. Also
in the case of the present paper, a time-variant (modulated)
(*) via Roggerone 3/6 16159 Genova, Italia
(email: alessiorivarolo@yahoo.it).
λ/4 transformer section of transmission line is used, as an
impedance inverter for the electrically small antenna. A λ/4
section of transmission line is not trivial to be realized at low
frequencies, and normally needs complex meander structures
[9] to realize enough length in a (still) practical space: here
modulation comes into help and dramatically reduces the
needed size.
In order to provide a good impedance matching between
the source and the electrically small antenna, a low frequency
excitation with a wavelength still comparable to the size
of the radiating system must be provided. This needs a
phase velocity (c/n = λν), in the antenna system, which
is much smaller than the speed of light. Historically, a low
phase velocity is achieved with a high dielectric permittivity
[10], [11] and magnetic materials. A change of mindset is
then introduced with the acoustically-driven magnetoelectric
antennas [12]–[16] actuating a layer of permanent magnets
with a piezoelectric element. In this way, a low frequency wave
is generated, with a very low phase velocity in the radiating
element, equal to the speed of sound, not the speed of light.
By using time-periodic space-uniform modulation, the
present paper also proposes a wave with phase speed much
smaller than light in the impedance matching element, i.e. a
very low frequency and a practical-size wavelength at the same
time.
Instead of permanent magnets and piezoelectric, time-
periodic modulation of a high frequency fundamental wave is
used, with a modulation frequency very close to the fundamen-
tal. The generated low-frequency mode (beat) will have the
same small (microwave) wavelength of the fundamental wave,
but low frequency, equal to the difference of the fundamental
and modulation frequencies. The idea of applying a modulated
lumped load to an electrically small antenna has already been
theorized recently [17]: our method is not applied to a lumped
element but to a whole distributed system (transmission line)
in order to achieve a real λ/4 impedance inverter at low
frequency.
This paper is structured as follows: in Section II the main
idea of time periodic and space uniform modulation for
electrically small antennas is sketched; in Section III a system
which can provide the needed modulation and the ”matched”
impedance of the system are discussed.
II. TIME PERIODIC MODULATION FOR SMALL ANTENNAS
A wave of angular frequency ω0 propagating in a conductor
with a propagation speed modulated in time, but uniform in
space, c(t) = c/(
√
(1+δ cos(ωmt))), where  is the dielectric
permittivity and δ the modulation index, can excite modes of
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different angular frequencies ωn = ω0 + nωm with the same
spatial wavenumber
√
ω0/c. This appears intuitively from the
naı¨ve first order Taylor expansion
exp
(
i
(
ω0
c(t)
z − ω0t
))
= exp
(
i
(√
ω0
c
z − ω0t
))
−
−
∑
n=1,−1
iδ
√
ω0z
2c
exp
(
i
(√
ω0
c
z − (ω0 + nωm)t
))
(1)
for a small modulation index δ. The idea behind this paper is
to provide a (space-uniform) modulation, with a modulation
(angular) frequency ωm very close to the base radiofrequency
ω0, so that a low frequency wave with small frequency
ω0−ωm << ω0 is excited, with the same fundamental spatial
wavenumber
√
ω0
c .
The time periodic modulation of the phase speed can be
obtained, for instance, by exciting an array of varcapacitors
with a time periodic voltage of frequency ωm, uniform across
a λ/4 section of matching transmission line. Modulation is
applied to a couple of parallel conductors behaving like a λ/4
transmission line, as we will see in section III.
III. THE ANTENNA IMPEDANCE MATCHING SYSTEM
Space-time modulation of radiofrequency and optical sig-
nals with metasurface structures has been attracting a rise
of interest in recent times [18]–[22]: typical applications
are parametric amplifiers, multichannel duplexers, and optical
insulators (i.e. reflectionless EM absorbers). In this paper it is
theorized an application of the modulation method to generate
a wave with small frequency and still small (practical size)
wavelength.
However, time-periodic space-uniform modulation is not as
simple as space-time modulation. While for the latter a simple
travelling wave on a dedicated line can be used to modulate the
gap voltage of an array of varactors, like in [21], space uniform
modulation requires a method for synchronizing the phase of
the modulation wave across the length of the system: for a
given time instant, each varactor must receive its modulating
voltage with the same phase. A simple way to synchronize
the modulating voltage and make it uniform in space is to
use a secondary plate antenna triggered by a plane wave at
microwave modulation frequency ωm.
The proposed system is composed of two λ/4 conductor
bars lying at the middle gap of a secondary (ancillary) plate
antenna which extends in an orthogonal plane (Figure 1): the
conductor bars bring equal and opposite currents for a resulting
negligible radiation in the far field (far field cancellation of the
two contributions).
The two conductor bars are connected to a high frequency
voltage feed at one end, providing the fundamental wave at
frequency ω0, and to the primary (electrically small) antenna
at the opposite end. The secondary (ancillary) antenna plates
are excited by an incident plane wave linearly polarized in a
direction orthogonal to the plates and conductor bars, uniform
across the bar length. The ancillary antenna provides the
modulation at frequency ωm uniform in space across the
length of the rods: the incoming plane wave does not excite
the conductor bars, due to its transversal polarization, but
Fig. 1. Overview of the λ/4 matching system to the electrically small antenna
(primary antenna). The two λ/4 conductors bars (in bold black) are connected
to the two plates of an ancillary antenna via arrays of variable capacitors across
their length. At one end they are connected with the primary antenna and at the
other with the feed of the fundamental excitation V0(0, t) = V0 exp(−iω0t).
The ancillary antenna, excited by an ancillary plane wave of angular frequency
ωm, provides space-uniform modulation of the shunt capacitance of the two
conductors. Inessential dielectric embedding (assumed r = 1) is not shown.
Fig. 2. Front view of the antenna matching system: the varactor capacity
is sensitive to the ancillary antenna voltage but not to the transmission line
voltage. The DC polarization circuit, connected to the plates of the ancillary
antenna with a decoupling condenser at a distance λ0/4 = pic2ω0 from the
connection points, is not shown.
just the ancillary antenna. An array of variable capacitors
(varactors) extends between the two parallel bars, in a back-
to-back configuration (Figure 2): capacitance between the two
conductor bars is modulated by the voltage of the secondary
antenna and does not depend on the differential voltage
between the conductor bars. The latter is a standard feature of
the back-to-back varcapacitor configuration: if two identical
varicaps are laid back-to-back in a series, any change of the
end gap voltage induces equal and opposite changes in the
capacity of each condenser and the overall series reactance
1
jω(C+δC) +
1
jω(C−δC) =
1
jωC +o(δC/C) stays unchanged up
to second orders in the modulation index. The DC polarization
circuit for the varicaps can be provided with a separate voltage
generator connected at the plates of the secondary antenna. A
decoupling condenser is also placed in the polarization circuit
at a distance λ04 =
pic
2ω0
' pic2ωm from the connection points
with the secondary antenna plates, in order to prevent AC
leakages from the secondary antenna. The condenser acts like
a λ04 short for the AC component, hence infinite impedance
seen from the connection points with the ancillary antenna.
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Several options are available for the generation of the ancil-
lary modulating plane wave, the simplest is a far-away half-
wave (matched) dipole antenna excited by a high-frequency
voltage Vλ0/2 exp(iωmt). At large enough distance from the
half wave dipole, the emitted radiation can be approximated
as a plane wave: the induced voltage Vanc = E0λ0/pi at the
gap of the plates of the ancillary antenna can still modulate the
varicap capacitance in a significant way. Actually the modulus
of the incident field E0 at the ancillary antenna, generated by
the half-wave dipole antenna at a large distance r, fulfils the
equation
V 2λ0/2/Rλ0/2 = 4pir
2|E0|2/(2η) (2)
where Vλ0/2 is the voltage amplitude applied at the gap of the
half-wave dipole, η =
√
µ0/0 ' 377 Ω the impedance of
free space and Rλ0/2 ' 73 Ω the radiation resistance of the
λ0/2 dipole. The voltage ratio
Vanc
Vλ0/2
=
λ0
r
√
η
2pi3Rλ0/2
(3)
is such that for r ∼ 10λ0, for instance, Vanc/Vλ0/2 ∼ 0.03:
for Vλ0/2 =5 V and a radiated power of 0.3 W a voltage
Vanc =0.15 V is obtained at the plates of the ancillary antenna,
which can be enough to provide a significant modulation of the
varicap array. In order to reduce the size of the whole system
and to get a plane wave already at shorter distances, the λ0/2
dipole antenna radiating the ancillary wave can be put at the
focus of a parabolic cylindrical mirror. An alternative solution
to get a space-uniform modulating voltage on a λ-long loop
instead of a λ/4 line is a coaxial arrangement with the half-
wave matched dipole antenna at the core and the two plates
of the ancillary plate antenna wrapped around in two distinct
cylindrical shells.
In the linear arrangement of Figure 1, symmetry ensures that
no current is induced from the field of the two conductor bars
on the plates of the ancillary antenna, since the two equal and
opposite contributions exactly cancel on the plates: the field of
the primary and the ancillary antenna are perfectly decoupled.
For our simplified analysis we assume the antenna system
to be embedded in a lossless dielectric with r = 1 with
mere function of support. Neglecting dielectric leakages, the
ancillary antenna is loaded with a pure capacitive load (parallel
of varicap and line capacitance) and does not dissipate any
power.
A capacitance (per unit length) of the varicap array
C0 varicap much higher than the parallel line natural capac-
itance Cline provides a high effective dielectric permittivity
 = C0 varicap/Cline: this in turn allows a shorter length
λ
4 =
pic
2
√
ω0
of the conductor rods for a given frequency ω0,
with consequent space saving. The gap d between the parallel
conductors should be much less than λ0 = 2picω0 in order for the
varicaps ends to see the unbiased transmission line voltage: the
phase velocity of the voltage wave across the varicap inserts
is actually the speed of light c (regardlesss of the modulation).
Each plate of the ancillary antenna is λ0/4 wide and λ/4 long,
with width much greater than length since  >> 1.
The couple of conductor bars is fed at one end with differ-
ential voltage V (0, t) = V0 exp(−iω0t), with the fundamental
ω0 in the UHF frequency range. On the other end, at a distance
λ
4 from the feed, the transmission line is connected to the
radiating element (antenna). Boundary conditions are carefully
chosen to suppress (angular) frequencies different from ω0 and
ω0−ωm, thanks to dedicated highpass (shortcut) filters at the
conductor ends.
The antenna system above can thus propagate only two fre-
quencies, the fundamental one ω0 (UHF high frequency) and
the first low frequency mode ω0 − ωm (where |ω0 − ωm| <<
ω0), all with the same fundamental spatial wavelength 2pic√ω0 .
The telegraphers’ equations
∂zI(z, t)=−∂t(C(t)V (z, t))
∂zV (z, t)=−L ∂tI(z, t) (4)
decribe the propagation of a voltage V (z, t) and current
I(z, t) wave between the two parallel conductor bars loaded
with the time-modulated capacitor array, in parallel with their
natural (unmodulated) capacitance. The capacitance per unit
length C(t) = Cline + C0 varicap(1 + δ cos(ωmt)) includes
both the unmodulated transmission line capacity Cline (for
round conductors of radius a, at a distance d apart much
smaller than λ0, Cline = pi0log(d/r) ) and the varicap capacitance
as well, the latter sized to be much larger than the line capaci-
tance. In the above equations, d is the separation gap between
conductors and z is the coordinate along the transmission line.
Neglecting dielectric leakage losses and conductor resis-
tance, equations (4) can be rearranged into the wave equation:
∂2zV (z, t)− L ∂2t (C(t)V (z, t)) = 0 (5)
It can be shown (Appendix A) that the equation above has
solution for modes with frequency ω0 + nωm for n integer,
all with the same common (microwave) wavelength. For small
modulation index δ the common wavelength differs from the
unmodulated fundamental wavelength λ = 2pic√
ω0
for negligible
infinitesimals of order δ2.
Propagation of modes ωn = ω0 + nωm with n 6= 0,−1
is discouraged by the smallness of the modulation index
δ (n-mode amplitudes are proportional to δ|n|) and by the
highpass filters (high frequency shorts) intentionally placed at
the bounds of the conductors.
Solutions shown below for the fundamental and the low
frequency mode are matched with the boundary conditions
V0(0, t) = V0 exp(−iω0t) for the fundamental mode and
V−1(λ/4, t) = ZLI−1(λ/4, t) for the low frequency mode,
where ZL is the antenna impedance:
Vn(z, t)=Vn
(
cos(βz)− i ZL
Z−1
sin(βz)
)
exp(−iωnt)
In(z, t)=
∂Vn(z, t)
∂z
1
iωnL
=
=Vn
(
iβ
ωnL
sin(βz)− βZL
ωnLZ−1
cos(βz)
)
exp(−iωnt)
(6)
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where
β=
2pi
λ
=
√
ω0
c
+
√
ω0(ω0 − ωm)2δ2
8ωm(2ω0 − ωm)c
Z−1=
ω−1L
β
=
(ω0 − ωm)L
β
(7)
and V−1, the modulus of the low frequency voltage, is related
by (18) to the modulus V0 of the high frequency feed voltage
(see Appendix).
From equation (6) it can be seen that a low frequency
power V−1(λ/4, t)I∗−1(λ/4, t) = V
2
−1ZL/Z
2
−1 is provided to
the electrically small antenna.
Since Z−1 and V−1 have respectively a linear dependence
and a square dependence in (ω0 − ωm) (see (18) in the
Appendix), the resulting radiated power scales as the square
of the mode frequency times the complex antenna impedance
ZL. The antenna impedance can be assumed consisting of
a real part (radiation resistance) which scales as the square
of the mode frequency, for a total radiated power scaling
as (ω0 − ωm)4. This may not seem a good result, since
it is the same frequency scaling expected by an electrically
small dipole without the λ/4 matching network, but it comes
with a great potential of improvement. Actually, the square
frequency dependence of the voltage comes from the choice
of modulating the line shunt capacitance rather than the line
inductance. With the time-periodic modulation of the line
(per unit-length) inductance L(t) = Lline(1 + δ cos(ωmt)) the
telegrapher’s equation (5) for parallel lines turns into:
∂2zV (z, t)− L(t)C ∂2t V (z, t) = 0 (8)
Solution (22) for this case, derived in the Appendix, pro-
vides an amplitude for the low-frequency mode V−1 which is
a fraction ω
2
0δ
2ωm(2ω0−ωm) of the fundamental mode amplitude
V0. In this case there is no unfavourable dependence on
(ω0 − ωm)2 and the low frequency mode is not depressed
by the low frequency, but just proportional to the modulation
index δ. The case of inductance modulation, although far more
promising than the one of capacitance modulation, is also
far more complicated since there is not a way of modulating
inductance so simple as capacitance (some hints on how to are
provided in [23]). That is why just the case (5) of modulated
capacitance has been presented as a concept proposal, in order
to show the method. Anyway, the smallness of the radiated
active power, scaling as the fourth power of the frequency
in the option with modulated capacitance, does not prevent
to use the electrically small antenna as an efficient source of
reactive power in the near field. Since the reactive part of the
antenna impedance ZL is large, the impedance inversion due
to the λ/4 modulated matching line can realize a consistent
injection of reactive power Im(V 2−1ZL/Z
2
−1) in the antenna.
This can be eventually used to couple the electrically small
antenna with a receiving dipole in the near field, using the
antenna as a near-field detector rather than a far-field radiator.
In actual fact, from equation (6) it appears that the voltage at
the connection point with the primary antenna, i.e. at z = λ/4,
is enhanced by the ratio ZL/Z−1, with imaginary part typically
scaling as (ω0−ωm)−2 and compensating the square frequency
dependence of V−1. The interaction of the antenna with a
nearby dipole can be revealed by the change of the antenna
voltage at the connection point.
IV. CONCLUSION
The idea of time-periodic space-uniform modulation to
provide a suitable low frequency excitation to electrically
small antennas is sketched in a concept form. A high frequency
voltage feed applied to a λ/4 section of transmission line with
modulated line impedance generates a low frequency mode,
with the same fundamental (microwave) wavelength, which
can be used to match the impedance of the electrically small
antenna.
The easiest case of shunt capacitance modulation is con-
sidered, although a far more interesting power scaling with
frequency can be obtained by the (more challenging) mod-
ulation of the line inductance. The case of modulated shunt
capacitance can be potentially used to inject significant reac-
tive power in an electrically small antenna, to detect objects
in the near-field by measuring the variation of the antenna
gap voltage. The same technique of space-uniform modulation
with a high frequency ωm close to the fundamental frequency
ω0 of the feed can be possibly applied directly on the elec-
trically small antenna instead of its matching circuit. A slot-
loop antenna arrangement such as [11] can be loaded with an
array of varicaps in the place of the simple capacitors used
in [11]. A time-periodic space-uniform modulating voltage
can be generated for the whole slot-loop with an orthogonal
coaxial arrangement for the ancillary antenna and its feed,
as explained in Section III. This application is under study
and open to collaboration, in the awareness that no definite
solution for a longstanding problem is provided here but just
a first sketch of a method which may be gathered by others.
APPENDIX A
SOLUTION OF THE MODULATED WAVE EQUATION
A general voltage solution to the telegrapher’s equation (5),
for a couple of parallel conductors loaded with a time-periodic
space-uniform modulated capacitance C(t), evenly distributed
along the conductors’ length, is here presented.
The solution can be decomposed in the superposition of a
forward and backward propagating wave, which in turn can
be written in the Floquet expansion form:
V ±(z, t) = exp(±iβz)
∑
n
Vn exp(−iωnt) (9)
with ωn = ω0 + nωm. Here the + sign is for the forward
and the − sign for the backward wave, and the pedix n is
the mode label. The mode amplitudes Vn may have different
values for the forward and the backward wave.
With  := C0 varicap/Cline >> 1 equation (5) becomes
∂2zV (z, t) =

c2
∂2t ((1 + δ cos(ωmt))V (z, t)) (10)
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Plugging the ansatz (9) in the above equation we follow
similar steps as [21] to get:∑
n
Vn
[(
−β2 + ω
2
n
c2
)
e−iωnt +
δω2n+1
2c2
e−iωn+1t+ (11)
+
δω2n−1
2c2
e−iωn−1t
]
= 0
Relabelling the index of terms under summation (n→ n±1)
we obtain∑
n
e−iωnt
[(
−β2 + ω
2
n
c2
)
Vn +
δω2n
2c2
(Vn+1 + Vn−1)
]
= 0
(12)
The secular equation Vn−1 + bnVn +Vn+1 = 0 can thus be
derived, with
bn =
2
δ
(
1− c
2β2
(ω0 + nωm)2
)
(13)
Now the calculation to obtain the dispersion relation from
(13) proceeds similarly to [21] in the hypothesis of weak
modulation index δ << 1. First the system
V−1 + b0V0 =0
b−1V−1 + V0=0 (14)
is written: higher order terms V1 and V−2 are neglected
because of the properly chosen boundary conditions (shortcut
filters at z = 0 and z = λ/4, at the respective frequencies
ω0 + ωm and ω0 − 2ωm, and also because V−2 is higher
order in the small modulation index, since it can be shown
that bn6=0 ∼ O(δ−1) and b0 ∼ O(δ). Actually from recursion
relations (A-15) and (A-17) in [21] it appears that the n-mode
amplitude Vn is proportional δ|n|. From the determinant of
(14) we obtain:
b0b−1 = 1 (15)
Now equation (13) can be plugged into (15) and terms in
β −√ω0/c collected as follows in the expressions of β2
β2=((β −√ω0/c) +
√
ω0/c)
2 = (16)
=(β −√ω0/c)2 + 2(β −
√
ω0/c)(
√
ω0/c) + (
√
ω0/c)
2
Keeping all the terms up to the second order (β−√ω0/c)2
in the expression of (15), the dispersion relation and the
relation between the low frequency mode amplitude V−1 and
the fundamental V0 follow:
β=
√
ω0
c
+
√
ω0(ω0 − ωm)2δ2
8ωm(2ω0 − ωm)c (17)
V−1=−b0V0 = (ω0 − ωm)
2δ
2ωm(2ω0 − ωm)V0 (18)
The complete solution (6) is obtained from the application of
the boundary conditions to the above, which give the amplitude
of the fundamental mode V0 for both the forward and the
backward propagating wave.
A similar procedure can be carried out for the case of
modulated line inductance described by equation (8), instead
of the modulated shunt capacitance:
∂2zV (z, t) =

c2
(1 + δ cos(ωmt)) ∂
2
t V (z, t) (19)
In this case we obtain the secular equation:(
−β2 + ω
2
n
c2
)
Vn+
δ(ωn + ωm)
2
2c2
Vn+1+
δ(ωn − ωm)2
2c2
Vn−1 = 0
(20)
that, keeping just the fundamental and low frequency mode
n = −1, becomes:(
−β2 + ω
2
0
c2
)
V0 +
δ(ω0 − ωm)2
2c2
V−1 = 0
δω20
2c2
V0 +
(
−β2 + (ω0 − ωm)
2
c2
)
V−1 = 0 (21)
The zero-determinant condition for the system above yields
the dispersion relation for the case of modulated inductance,
which is the same as (17) for small modulation index δ. The
relation between the low frequency mode amplitude and the
fundamental is instead different:
V−1 =
ω20δ
2ωm(2ω0 − ωm)V0 (22)
It can be seen that unlike (18) there is no dependence on
(ω0 − ωm)2: the low frequency mode does not get the un-
favourable scaling with the low frequency ω0 − ωm of the
case with modulated capacitance. For this reason, the case
of modulated inductance is more promising, although more
challenging to be realized from a technical point of view.
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